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Abstract

Generative modelling is the problem of sampling from an unknown distribution where the data samples live in,
which can be seen as an estimation problem where we want to estimate the true data distribution from the col-
lected samples. While there have been many classical methods dating back to 1950s trying to tackle this problem
(energy-based algorithms, importance sampling, Monte Carlo Markov Chain (MCMC), etc.), they all fail to scale
as the number of data points increase. This is mainly due to the fact that these algorithms try to estimate the
normalizing factor (or the partition function as known in Physics), whose calculations quickly become intractable
as the number of samples or dimensions grow. In recent years, a new direction in generative modelling that can
bypass this intractable calculations has emerged and achieved state-of-the-art image quality, this method is based
on the study of Stochastic differential equations (SDEs) and the famous Fokker-Planck equation, it is aptly named
Diffusion models. In this short tutorial, we will provide the overview of generative modelling, with the main focus
on Diffusion models from the perspective of SDEs: using the [t6’s process as the forward process, then applying
Fokker-Planck equation to obtain the reverse process, which is used to generate new samples via ancestral sampling.

Keywords: diffusion process, stochastic differential equations, generative modelling, Fokker-Planck, sampling,
estimation, optimization

1 Structure of the paper

First section of this paper will review the background needed for the development of generative modelling using
SDEs. We first recall the definition of ODEs, and simple solutions for the case of linear systems. Then we introduce
the basis of SDEs, from the perspective of ODEs where the input is driven by noise. Here, we discuss why simply
taking the integration of SDEs will not yield the correct solutions, at least in the traditional sense. Building on
this, the idea of 1t6’s calculus is introduced as well as some discussion on existence and uniqueness of the solutions.
To finish off the background material, we recall the important Fokker-Planck equation (or Kolmogorov’s forward
equation) that is used to characterized the probability density induced by SDEs. We use this result to prove an
important result that is widely applied in generative modelling, the existence of time-reversal SDEs.

The second section give a deep review of the seminal works of [1](2][3] that kicked start this whole field in 2019,
we give detailed derivations and expression for the solutions to the forward SDEs used in these methods, with some
toy examples for demonstration:

1. Langevin dynamics sampling and Score-matching
2. Variance exploding SDEs

3. Variance preserving SDEs

2 Stochastic differential equations and It6’s calculus

In this section, a brief review of Stochastic differential equations (SDEs) will be provided. It will be developed by
considering Ordinary differential equations (ODEs) driven by noise. Then the integrability of these equations will



be discussed, where the It6’s Lemma and It6’s integral are introduced. Finally, the famous Fokker-Planck equation
is derived and applied to generate the time-reversal SDEs, which will play a major role in the later parts.
An in-depth treatment of this subject can be found in [4].

2.1 ODEs and solutions to ODEs

While Ordinary differential equations is a rich and sophisticated mathematical field in its own right, here, for our
purposes of building up to diffusion process, we only consider the following simple system:

@%Q:f@@L0+L@@Lﬂw@) (2.1.1)

where x(+) is a vector-valued function mapping time to state, (-, -), L(:, ) are some arbitrary functions, and w(-) can
be consider as external driving force, or an input to the system. Note that in other ODEs literature L(x(t), t)w(t)
can be absorbed into f(x(¢), ) which leads to a shorter representation:

dx(t)
= fx(0).1) (2.1.2)

Here, we will work with the formulation in (2.1.1)), since this will be more useful when dealing with SDEs. Note
that ODEs can also take high-order forms, for e.g, let us consider a second-order 1-dimensional ODE:

d*x(t) dx(t)
az T ar
This second-order ODE can be rewritten to take the form of (2.1.1)) by setting:

+ Br(t) = w(t) (2.1.3)

x(t) = (1)] (2.1.4)

where #(t) = dgfi(tt), using this, (2.1.3)) can be rewritten as:

dx(t) 0 1 _m(t)_ 0
d —
ldfuﬂ] N [—5 —7} () H w(t) (2.1.5)
_— ~—~—
dx(t) f(x(1),t) L(x(t),t)
dt

which follows the form of . In fact, almost all higher-order ODEs can be rewritten as a system of first-order
ODEs following similar procedure. Thus, for most cases we only need to deal with first-order formulation.

Next, we will discuss the solutions to ODEs. In general, it is not possible to find closed-form solutions to ODEs
problems, even when the system is linear, i.e. f(x(t),¢) = F(¢)x(t). That being said, for linear cases, the solutions
to ODEs has the following form:

t
x(t) = Wt to)x(t0) + [ W(t.DIL(rw(r)dr (2.1.6)
to
where W(t,10) is the state transition matrix, which has the following properties:
oY (1,t)
Y —F(r)P 2.1.
D — B () w(r ) (21.7)
PO g aE(r) .19
W(r,t) = W(r,5)P(s,1) (2.1.9)
W(r,t) =¥ (t,7) (2.1.10)
W(tt)=1 (2.1.11)

Thus, if one knows W(¢, 1), the solutions to a linear ODEs is readily obtained. For the non-linear cases, it gets
more complicated, but if both f(¢) and L(t) are well-behaved, the Taylor series can be used to linearize the ODEs
around some operating points, then the solutions can be approximated by . In general, ®(¢,t5) does not
have a closed-form expression, but it can be numerically computed to arbitrary precision by using the Peano-Baker
series. More in-depth discussion of this can be found in [5|, and a worked out example is included in Appendix
A53] Here we will cite a well-known solution to the Linear Time-invariant (LTI) case, i.e. F(t) = F,L(x(t),t) = Lt



Example 1. The solution to the LTI ODE

d%it) =Fx(t) + Lw(t) (2.1.12)
has the following form
x(t) = FEt)x(t0) + / F(t — ) Lw(r)dr (2.1.13)

Note that the state transition matriz ¥ (t,tg) = eF(¢—t0)

As a preparation for the next section, we now briefly discuss the existence and uniqueness of the solutions to
ODEs:

Theorem 1. (Picard-Lindelof) The solution to the ODE

dx(t
% = f(x(t),t), x(to) = xo (2.1.14)
exists and is unique if f(x(t),t) is continuous in both arguments and is Lipschitz continuous in X.

Note that the theorem uses the formulation in (2.1.2). Applying to (2.1.1]), this means the continuity requirement
needs to be satisfied by both f(-,-) and L(-,-). As we will see in the next section, the condition of being continuous
in ¢ is problematic for SDEs, since the stochastic sample paths will be discontinuous almost everywhere.

2.2 SDEs and solutions to SDEs

Having defined ODEs, a straightforward approach to introduce SDEs is by considering the input/driving term w(t)
from (2.1.1)) as some stochastic processes. For example, recall the the definition of ODE

dx(t)

= = E(x(t),1) + L(x(), ) w(t) (2.2.1)

if we let w(t) to be some white noise process, then is a Stochastic differential equation. Followed is the
definition of w(t)
Definition 1. A random process w(t) : R — R% is called white noise if the following properties are satisfied:

1. Independent: w(t) L w(t+¢€),e#0

2. Zero mean: E[w(t)] =0

3. (Wide-Sense) Stationary: Elw(t)wT (t2)] = 6(t1 — t2)

From this definition, it is clear that the sample path of the process w(t) is discontinuous almost everywhere due
to the independent property. This will lead to a problem when we try to apply the methods of ODEs to SDEs. For
now, let us consider the LTI case and naively apply the solution of ODEs from Example

Example 2. The (naive) solution to the SDEs

PO _ ety + Lt (22.9)
where w(t) is a white noise process has the form
t
x(t) = eF(t_tO)X(to) + / F(t — 7)Lw(7)dr (2.2.3)
to



The first term on the right hand side of is deterministic given x(tg), the second term is stochastic due to
the randomness of w(t). This is expected since the solution to SDEs should also be stochastic processes due to
the stochasticity in the driving force term. But if we take a closer look at the stochastic integral, an immediate
question arises: how can we perform the integration? Since the sample path generated by w(t) is discontinuous
almost everywhere, the Riemann sum does not converge. More generally, if we try to integrate , where w(t)
is white noise

/ d’%ﬂ _ / £(x(t), ) + / L(x(t), )w(t) (2.2.4)
x(t) — x(0) = / £(x(t), £)dt + / L(x(t), t)yw(t)dt (2.2.5)

then the second integral on the right-hand side, [ L(x(t),¢)w(¢)dt is undefined in the traditional sense, proof sketch
is provided in Appendix A[5.2] This calls for a new integration method to deal with random processes. The method,
first introduced in [6], is now widely known as the Itd’s integral, the field dealing with this kind of integration is
generally referred to as It6’s calculus.

2.2.1 1Itd’s calculus

To construct the It6’s integral, first we can think of w(t)dt as an infinitesimal increment of some other processes

w(t)dt = dB3(t) (2.2.6)
Since w(t) is white noise, 3(t) has to satisfy the following properties:
Definition 2. (Brownian motion)
1. Independent increment: ABy = B(tx+1) — B(tr) L ABy if the intervals are non-overlapping
2. Zero-mean Gaussian increment: ABy ~ ./\/(O7 Atk)
3. Starts at origin: 3(0) =0

The first two conditions come directly from the fact that w(t) is white noise, the last one is a technical initial
condition. Turns out these properties define a well-studied random process called Brownian motion. From this
definition, there are a few peculiar observations about Brownian motion:

1. B(t) is non-differentiable almost everywhere due to the independent increment property.
2. The covariance is scaled linearly with Aty instead of the usual and expected (Aty)2.

3. White noise can be seen as weak derivative of Brownian motion, i.e. in the limit At — 0, we can obtain 3(t)
by integrating over w(t). This does not mean derivative of Brownian motion exists in the traditional sense,
it just means we can construct Brownian motion by summing over white noise process.

First observation is the reason why even the more general version of Riemann sum (Stieltjes) also does not converge.
The second observation is the reason for the extra term in the It6’s formula, as shown below

Theorem 2. (Ité’s Formula 1) Consider a scalar Brownian process 5(t), we have

JECEOREERURE (227)
or the more popular and equivalent form
%dﬁQ(t) = B(t)dB(t) + %dt (2.2.8)

The first term from is normal chain rule, the second term is unique to It0’s integral, this comes from
the fact that the covariance of 3(t) is scaled by At instead of (At)?, making the 2nd-order term in the Taylor
expansion non-negligible, i.e. dt = (d3(t))?. Mathematically, this result comes from the following sum, which can
be considered the definition for [ 3(¢)dS(t)



Definition 3. Consider the sequence 0 < t1 < -+ <t < --- <t, wherety—tr_1 = *, then the integral fo $)dB(s)
1s defined as

lAﬁ@MM@:;gQEZMQXMMH>me» (2.29)
k

The equality is convergence in probability, and the limit converges to the result in Theorem [2| Proof sketch for
this is provided in Appendix A[5.2] detailed treatment is referred to [4]. The It6’s Formula can also be extended to
function of Brownian motion

Theorem 3. (Ito’s Formula 2) Let x(t) be a function of B(t), i.e. x(t) is a solution to some SDEs driven by

w(t) = d%t), and ¢(x(t),t) is some arbitrary scalar function, then
¢ ¢
— 2.2.1
St + Z o ( P dxldxj) (2.2.10)
If we consider the scalar case x(¢) = x(¢), this simplifies to
o o¢ 10%
d —dt + —dr + -—=(dz 2.2.11
O= Gt gt 3 g (1) (2:2.11)

Again, the first two terms on the right-hand side of is normal chain rule, the third term, unique to Itd’s
calculus, is often referred to as quadratic variation, detailed proof can be found in Chapter 4 of [4]. The extension to
vector function ¢(+) is trivial since the rule is applied element wise. As an example, we can in fact recover Theorem
from Theorem [3| as demonstrated in following example

Example 3. Let 2(t) = 3(t) and ¢(z(t),t) = 22°(t), applying Theorem @

op . 99 1%

dg = dt + %d T+ g (dr)’ (2.2.12)
=0+ zdz + §da:dac (2.2.13)
= BABH) + 5 (d5(1)? (2.2.14)
= B(t)dB(t) + %dt (2.2.15)

Again, we note that dt = (d3(t))?, this fact is central to all the theory of Stochastic calculus. Being equipped
with It6’s Formula, the integral [ L(x(t),t)w(t)dt is now well-defined in the sense of It6’s integral, thus general
solutions for linear SDEs enjoy the form:

x(t) = ®(t, to)x(to) + [ (¢, 7)L(7)dB() (2.2.16)

to

where 3(t) is Brownian motion, and W(t,ty) is state transition matrix as defined earlier. As was the case with
ODEs, solutions to SDEs, even in the linear cases, are generally not obtainable in closed-form. We provide some
example solutions to simple SDEs in Appendix A[5.3] In practice, solving SDEs usually involves numerical iterations
(2.2.11)) using discretization methods such as Euler-Maruyama or Heun’s methods, in-depth analysis can be found
in [7].

2.2.2 Existence and uniqueness

Having introduced Brownian motion and It6’s integrals, it is evident that Theorem [I| cannot be applied to SDEs
due to the discontinuity almost everywhere of the sample paths. Fortunately, an extension to Theorem [I| that
relaxes the continuous paths requirement does exist, this theorem guarantees the existence of SDEs solutions. For
uniqueness, besides the requirement of being Lipschitz continuous in z, the function f and L have to grow at most
linearly with z, then there exists a strong unique solution to SDEs. Details can be found in [4].



2.3 Probability densities of the solutions and the Fokker-Planck equation

Since the solution to an SDE is itself a random process, another way to characterize the solution is by looking at
the induced probability density p(z(t)) = p(z,t) at time t. As the sample path z(t) evolves with time according to
some dynamics defined by an SDE, the distribution of x(t) at time ¢ also evolves as time progress. This evolution
of a probability density can be described by the following partial differential equation (PDE), also known as the
Fokker-Planck equation

Theorem 4. (Fokker-Planck equation) Let x(t) be the solution to the SDE defined in Section[2.4 and p(x,t) be the
probability density of x(t), then p(x, t) solves the following PDE

op(x,
pE’?t t) Z . (fi G, 1) Z 6%3% (e LT (x,8)], p(x, ) (2.3.1)
Proof: [8] Section 5.2.

As an example, we can recover the famous heat diffusion equation from the Fokker-Planck equation

Example 4. (Diffusion equation) Consider the 1-dimensional Brownian motion

dx = 2Ddp(t) (2.3.2)
Then by applying Fokker-Planck equation, we have:
op(x,t) 1 02
=-—=2D t 2.3.

) S aDp(a 1) (23:3)

Op(x,1) 9*p(z,t)
=D 2.3.4
ot Ox? (2:34)

which is the well-known diffusion equation in Physics.

While the proof for Fokker-Planck equation is rather complicated, it can also be derived ”easily” from Maxwell’s
equations, in a hand-wavy fashion. If we consider p(x,t) x p(z,t), i.e. the evolution of charge density in space and
time, then by following Maxwell’s equation relating the curl of magnetic field to the change of electric field:

Example 5. (Continuity equation)

oD
H=J+—— 2.3.
V x +8t (2.3.5)
V~V><H:V-J+(9V8%D (2.3.6)
dp

0=V-J+ 2.3.7
Y +8t (2.3.7)

dp
2 __v.J 2.3.
5=V (2.3.8)

Fquation is known as the Continuity equation in Electromagnetic and as Transport equation in Optimal
transport theory. This equation holds for any conserved quantities, i.e. total electrical charges. To recover the heat
diffusion equation, we note that J is a velocity field v (describing how the charges move), thus it is the first-order
derivatives of spatial coordinates u, hence

V-J=V.v (2.3.9)
—V.Vu (2.3.10)

With proper choice of u we get the diffusion equation. To relate this with the general Fokker-Planck equation in
Theorem we can imagine the effect of f(x,t)dt as introducing new charges into the system. Thus, the total charges
is no longer conserved, hence equation (2.3.8) needs to be corrected by an additional term:

Ip

— =0-V-J 2.3.11
5 = C v (2.3.11)

Equation (2.3.11)) is the general transport equation from Optimal transport theory.

The Fokker-Planck and Continuity equations play critical roles in generative modelling, in which we want to
study the evolution of the data distribution with respect to time. We will return to these equations in the later
sections of this thesis. For now, we need one last ingredient to make generative modelling using SDEs work, which
is the Anderson’s theorem regarding the reverse processes.



2.4 Time-reversals of SDEs
For this section, let us consider the following type of 1-dimensional SDEs:
dz(t) = f(x(t),t)dt + 1(t)dB(t) (2.4.1)

where [(t) does not have dependency on spatial variable x. We will simplify the notations a little bit by denoting
dX, = f(X,)dt + 1(t)dB, (2.4.2)

where we use ?t to denote the solution of the SDE running forward in time. Let = pt(yt) denotes the
probability density of )_(>t. In this section, we want to construct a reverse SDE such that its solution yt has the
probability density 7, = pt(yt) with the following property:

T =T 4,V €0,T) (2.4.3)

Start by applying the Fokker-Planck equation to e

a;t - _a%(f(“)? )+3 za prlaOLE (2.4.4)
_ —a%(f@,t)?t) + %ZQ(t)a—;?t (2.4.5)
- —a%(f(x,t)?t) 4 %ZQ(t)a%<7t(% log ?t)) (2.4.6)
=107 + 3O lor T o Tt (g S log 77 (2.4.7)
= —?ta%f(x,t) - f(x,t)%?t + %ﬂ(t)(a—x log ?t)%?t + %l%)(a—g2 log 7¢) 7 (2.4.8)
= —?ta%f(x t)+ 712( )(a—Qlog? )T+ (— flx,t) + %F( )(—1og? ))a%?t (2.4.9)
_ ?faax (- o)+ 512( )—log? )+ (- e+ %ﬂ( )aﬁlog? ) x?t (2.4.10)
- _a% ((f(:v,t) - %ZZ(t)% log ?t) ﬂ) (2.4.11)
Since 7y = T r_¢, we further have:

azft = _a% ((f(:r, T t)+%l2(T - t)% log ?T,t) ?Tt> (2.4.12)
= f% <( — f(z, T — ) + 12T — t)% log T 7t — %IZ(T - t)(% log ?T_t) %T_t> (2.4.13)

- f% <( — e, T —t) + 13T — t)% log ?T_t)ﬂ_t> + % (%ZQ(T - t)((% log %T_t)ﬂ_t)
(2.4.14)

- —% <( ~ (T — ) + AT — t)(i:log?T_t)?T_t> n (%ZQ(T - ?T t( ~log 7 t))
(2.4.15)
- _a% (( — (T — ) + AT - t)% log ?T_t)%_t> + (%;—;ZQ(T - t)%T_t) (2.4.16)



Observe that equation (2.4.16)) matches the Fokker-Planck equation from Theorem , and since Fokker-Planck
defines a unique SDE, this means the reverse time probability density ST r_¢ is the result of the following SDE:

dX7_, = ( (@ T — 1) + (T — t)% log <FT_t)dt +UT — t)dBr_s (2.4.17)
- ( — f(2,T —t) + I3(T — t)Vlog ?T,t)dt FUT - t)dBr_s (2.4.18)

By following the same idea, we can extend this result to multidimensional case:
dxr_y = ( —f(x,T — t) + L(T — )L(T — t)V log ?T,t)dt + L(T — t)dBr_. (2.4.19)

This result says that if we know the score function V log Str_¢ and if L does not have spatial dependency, then
we can run the SDE defined in and the marginals distribution at T' — ¢ will match that of the forward
SDE. This has the following important implication: let 71 be the terminal distribution of the forward SDE, if we
initialize with xg ~ 77 and run the reverse SDE, then the end result will follow the initial distribution of
the forward SDE xp ~ 70. Thus, if we set 70 to be the data distribution, then run the forward SDE to obtain
Gaussian noise, then if somehow we obtain V log Tr.=V log ?t, we can start from Gaussian noise and run the
reverse SDE to generate samples that come from ?0. This result is sometimes referred to as Anderson’s theorem,
and it is the foundation for diffusion-based generative modelling, which will be the main discussion of the next
sections.

Before moving on, we will make an important note, the result from guarantees that the marginals of the
reverse and forward SDE matches, i.e. STro = T, However, this does not make any claims about the relationship
between the joint densities ?(XO, ...,xr) and 7(XT, ...,Xg). In fact, in general no process exists that matches
the joint distributions.

3 Overview of generative modelling

In this section, we will give a brief review of generative modelling and some important results from variational
inference theory. The ultimate goal of generative modelling is to sample from some data distribution p(x), based
on the information we get from the empirical samples x ~ p(x). In other words, there are two steps involved in
generative modelling:

1. Approximate the true data distribution based on some parameterization pg(x) &~ p(x)
2. Sample from the learned/approximated pg(x)

The problem is it is usually intractable to learn pg(x), where the difficulty often lies in the normalizing constant.
As an example, by borrowing the idea of canonical ensemble from Physics, pg(x) is often assumed to have the form

1
po(x) = Ee*fe(ﬂ (3.0.1)
Z:/ e fe™ax (3.0.2)

X

where X is the dataset and Z is the normalizing constant, also known as the partition function. While fg(x) can be
easily approximated by a neural network, evaluating Z is often intractable since we have to integrate over all data
points, this motivates the search for methods that do not rely on Z to perform sampling. Here, we will introduce
variational inference to combat this problem.

Following Bayesian setting, we assume pg(x) is marginalized from a joint distribution

pe(x) = /pg(x,z)dz (3.0.3)
:/pg(x\z)pg(z)dz (3.0.4)
From the prior pg(z) and the likelihood pg(x|z), Bayesian inference is concerned with computing the posterior

pe(z|x). In complex settings, such as image or video processing, pg(z|x) is often intractable and requires approx-
imation. To this end, another parameterization is usually introduced g¢4(z|x) =~ pg(z|x). From this formulation,



Ey ~ q¢(z]x), and Dy ~ pg(x|z) are often referred to as the encoder and decoder networks, respectively. The
approximation gg(z|x) =~ pe(z|x) is also known as Amortized inference in the literature [9]. Next, we derive a dif-
ferentiable loss that can be used to learn Eg and Dy through backpropagation. Since we want g4 (z|x) = pe(z|x),
it is natural to use the KL divergence as the minimization objective

Dic(16(a)1po(213)) = Bagya 102 222 (305)
e (2|x)pe(x)
= Ezwqd,(z|x) |:10g ﬁ} (306)
— 108 70 )+ Ba o [ o 22025 (30.)
N YZ((;))] — Lo pe(x) — Dict (4 (2l [po (2])) (3.038)

Thanks to the non-negativity of KL divergence, £ in lower bounds the data loglikelihood, this is known as
the Evidence Lower Bound (ELBO) or Variational Lower Bound (VLB). Maximizing the ELBO is, in a manner,
equivalent to performing maximum log likelihood. In its current form, is not very useful for optimization,
fortunately there is another formulation

po(z,x) po(x|z)pe(2)
Li=Fpoy s |1 =By (gl | log PEAXIZIPONZ) 3.0.9
z~qg (2] )[Og q¢(Z|X)} 94 (7| )[Og q¢(2]x) ] ( )
= IEZM%(ZIX) [logpg(x\z)] DKL(Q¢( |X)Hp9(z)) (3-0'10)
In practice, one often parameterizes pg(x|z) ~ N (Dg(z),I) then logpe(x|z) = —3|[x — Dg(z)||3 + const. Further-

more, pg(z) and ¢4 (z|x) are also usually chosen to be Gaussian pg(z) ~ N( ) 6(2[%) ~ N(Eg(x),05(x)T).
Then (3.0.10)) becomes tractable and trainable by backpropagation:

1 1
L= —§Hx —Do(z)|]3 - §(da(2b(x) + ||[Eq(x)|| — 2dlog 0 (x)) + const (3.0.11)

where d is dimension of z. Maximizing over ¢ and 8 would yield encoder E4(x) and decoder Dg(z) such
that Dg(Eg(x)) ~ p(x). Since z is assumed to follow normal distribution, we can sample z ~ AN(0,I) and run
the decoder Dg(z) to generate new sample that looks like it comes from the data distribution. This is known as
Variational Autoencoder, the training actually requires a small modification to reparameterize the noise, details can
be found in [10]. This method is closely related to the idea of forward SDE (encoder) and reverse SDE (encoder)
introduced in Section Building on top of this idea, in the following sections we will introduce how to apply
SDE to the context of generative modelling.

Before moving on, we note that the choice of Dt (gg¢(z|x)||pe(z|x)) is mode-covering, meaning we want ¢ to
place its mass at the location where p does. This is crucial for generative modelling since we want to generate
samples that actually come from p. Choosing the reverse KL as objective, i.e. Dkr,(pe(z|x)||¢p(z|x)) will not have
this effect.

4 Generative modelling using SDEs

4.1 Langevin dynamics and Score matching

Here, we introduce the Langevin dynamics, which will serve as a basic for generative modelling using SDEs. The
1-dimensional Langevin SDE is given as:

dr = —VU(z)dt + v2d; (4.1.1)

where U(z) is some energy function. Now, we wish to know the stationary distribution p;(z) induced by (4.1.1]) as
t — oo. To do so, we can apply the Fokker-Planck equation and set it to zero:

2
32’7? = a%(w(x)poo(z)) - %%zpoo(x) (4.12)
ai (VU( )Poo() + a%poo(x)) =0 (4.1.3)

J



Equation (4.1.3) can only be true if J is constant for all . Thus

VU (2)peo(z) + %poo(fv) =0 (4.1.4)
= D pa(a) = ~VU(@)pcl) (4.15)
= poo() = e V@) (4.1.6)

If we set U(x) to be —logp(z) then
Poo(T) = e~ V@) = glogr(e) — p(x) (4.1.7)

Equation (4.1.7) is a well-known result in stochastic sampling, and also in stochastic optimization . Essentially,
it means we can obtain samples from target distribution p(x) if we run the following SDE for a long time:

dz = Vlog p(x)dt + /2dp, (4.1.8)
To that end, we can discretize (4.1.8)) using Euler-Maruyama method with step size At to obtain
zr = x_1 + Viog p(zr_1)At + V2Atn, n~ N(0,1) (4.1.9)

where v/ At appears due to the fact that variance of Brownian motion scales with A¢. This idea is illustrated in the
following toy example

Example 6. (Langevin dynamics) Let x be drawn from a simple Gaussian mizture, we will abuse notations here
p(z) = aN (u1,07) + (1 — )N (p2, 03) (4.1.10)

We can then sample from p(z) using equation (4.1.9) with

Vlng(iEkAt) = )Vp(zkAt) (4.1.11)

p(xmt
I aN (o) + T (L - )N (2, 03) i)
B aN (u1,07) + (1 — )N (p2, 03) o

The result is shown in Figure and@, the experiment was run with py = —5, pus =95, 01 =02 =2, a = 0.3. Red
lines show randomly selected sample paths.

- 035

- 030

0.25

| 0.20
0.15

0.10

0.05

time

density
Count

Figure 1: Evolution of the density from Example[6] Figure 2: Samples generated by Langevin sampling, which
. Starting from N(0,1), equation (4.1.9) is run to obtain match the true Gaussian mixture with u; = —5, ps = 5,
samples from the Gaussian mixture. o1 =02=2,aa=0.3

In practice, Vlogp(z) is usually not available and will require some approximation. This leads to score matching
methods. We note that the score mentioned here, V, log p(x) is different from the usual score in statistical learning,

10



where the gradient is taken with respect to the model parameters, here it is taken with respect to the data. A major
motivation for score-based methods is that it can bypass the computation of the normalizing constant Z mentioned
in (3.0.1), as demonstrated below:

Vxlog p(x) = Vi log Zie_f"(x) (4.1.13)
t
= Vye 7o) _ ¥V, log Z = —V, fo(x) (4.1.14)
=0

If we consider sg(x) to be some parameterized functions, i.e. output of a neural network, then Vlogp(x) can be
estimated by minimizing the following score-matching objective, sometimes also referred to as the Fisher divergence

. 1
0" = arg min Ex [5||Vlogp(x) —sg(x)||2 (4.1.15)

The idea is we can use our training dataset to learn sg(x), then this can be used in place of V log p(x) during the
generative process. This requires the estimation of V log p(x) across the training dataset, which is often expensive
and does not scale well with the size of training data. A major breakthrough was discovered in [12], where the
authors found that

Ex [%HVlogp(x) - SB(")H%} o Ex EHSG(X)H% + trace(Vse(x))] (4.1.16)
N
~ % 4 EHS@(Xi)H% + trace(Vse(xi))} (4.1.17)

This result is remarkable since we no longer need to empirically estimate
Vlogp(x). While Vsg(x;) is still expensive to compute, it is readily avail-
able using any auto-differentiation frameworks such as PyTorch . We

o can further use random projection to efficiently estimate trace (Vx59 (x))
E, [trace(ng(x))} ~ E E, [VTVSg(X)V:| (4.1.18)
00 where v is random vector with unit length. This, in conjunction with

Langevin dynamics form the thesis of the seminal works in , which ob-
tained state-of-the-art result in images generation. Note that we started
from N(0,1) in Example [6] this is not a requirement. In fact, we can
start from an arbitrary distribution and this method still works. For
example, Figure [3| shows the same process started from a uniform dis-
Figure 3: Example |§| started from uni- tribution U[—20,20]. We can see that the process reaches the target
form distribution U[—20, 20] Gaussian mixture regardless of the starting distribution.

To conclude this section, we would like to point out some weaknesses
of this framework. Since we only observe samples from the true data distribution, which can be seen as some
point mass over the support of the density, this means estimating V log p(x) can be difficult or even intractable in
low-density regions, where no samples are observed. This is similar to being stuck in local minima with gradient
descent, where the gradient is zero, here V log p(x) will be close to zero in low-density regions, thus sampling will
be extremely slow if our sample points start there. The authors of [1] tried to combat this problem by artificially
adding noise to the data samples, making its distribution supported everywhere. It turns out this idea is closely
related to the forward and reverse SDEs discussed in Section [2.2] usually referred to as Diffusion models.

4.2 Diffusion models

From the observation in Section estimating V log p(x) is easier if we add a little noise to our data samples. This
leads to another idea, we can slowly add noise to our samples at each time step, then we can learn V log p;(x:) of
that time step using the score-matching methods, and sampling can be conducted using the reverse SDEs. Here,
we recall the forward linear SDE and the reverse SDE defined in Section 2.2]

dxr_y = ( — F(t)x; + L(T — t)L7(T — t)V log pT_t(xT_t))dt + L(T — t)dBr_, (4.2.2)

11



From this, we can separate the methods into two categories: Variance Exploding (VE) SDEs, and Variance Pre-
serving (VP) SDEs.

4.2.1 Variance Exploding methods

To apply the idea of gradually adding noise to data samples, we can define the following SDEs

do?(t)

d =
Xt dt

g, (4.2.3)

where o(t) is a scalar-valued function, this simply means we are scaling the variance of the Brownian motion by
do(t) do(t)

at every time step, i.e. gradually adding more noise to x as time progress. The form of is peculiar at

dt dt
first, but it has the following nice Euler-Maruyama discretization
2(k) — o2(k — 1
Xk = Xg—1 T \/a (k) Aat (k )Atn, n ~ N(0,I) (4.2.4)
=xp_1 4+ 02(k) —o2(k — 1)n (4.2.5)
Then the corresponding reverse SDE is
do?(T —t do?(t
dXT_t = ¥v long_t(xT_t)dt + ( )dﬁT—t (426)
dt dt
with the following discretization, K = T /At
oX(K—k)—oc*(K—-k+1 o2(K —k)—0c2(K—-—k+1
XK b= XK kil — ( ) ( )Vlong_k(xK_k)At + \/ ( ) ( )Atn (4.2.7)
At At
= XK—py1 + (UQ(K —k+1) - o} (K — k))V log prc—k (Xx &) + /02(k) — 02(k — 1)n (4.2.8)

Let a(k) = 0?(k) — 0?(k — 1), we have the following pair of discretized SDEs

Xk = Xp—1 + Va(k)n (4.2.9)
XKk = Xg—pt+1 — (K — k)Viogpr—k(xx—r) + vV—a(K — k)n (4.2.10)
To create a generative model using (4.2.9) and (4.2.10)), we take the following steps

1. (Forward pass) Generate x; from xq using (4.2.9). Use score-matching methods in Section to estimate
Vlog p(x¢).

2. (Reverse/Sampling pass) Starting from xp ~ pr(x), run (4.2.10) with the estimated Vlogp:(x:) from Step
1, then xq will follow the data distribution.

This process requires pr(x) to be some simple distribution that we can easily sample from, i.e. Gaussian. Here we
give a short analysis of the 1-dimensional version pr(z) using Fokker-Planck equation similar to Section
8pt - 1 dO’Q(t) 62
ot 2 dt o2

(z) (4.2.11)

Let us denote k; = %d[’;t(t), then we have the following partial differential equation (PDE)
8pt 82
— =ki— 4.2.12
Pt — g gpil@) (42.12)
pe(—00) = pi(o0) =0 (4.2.13)
po(z) = p(z) (4.2.14)

12



Condition (4.2.13)) is because a valid density must vanish at infinity. Equation (4.2.12]) then is a well-known heat
diffusion PDE with zero boundary conditions at infinity, it enjoys the following solution [14]

[ 1 1(x—1)?
pe(x) = /_oo P(T)W exp ( - 527&)617 (4.2.15)
=p(z) * N(0,2K,;), K, = /t ky(T)dT (4.2.16)
0
= p(z) *N(O, (o%(t) — 02(0))) (4.2.17)

where * denotes convolution operation. We note that the solution in [14] considers k; = k = const. For time-
varying ki, the solution is almost the same, i.e. equation (4.2.15). This is due the fact that (exp(f)\f(t)))/ =
=Af'(t) exp(=Af(t)). One can also derive this from the discretization in (4.2.9))

pe(x) = prac(z) (4.2.18)
= p(z) * N(o, (o2(At) — 02(0))) % N(o, (02(2At) — 02(At))) */\/<0, (02(3A8) — 02(2At))) ... (42.19)
= p(z) * N (0, (o (kAt) — 0—2(0))) (4.2.20)

Since p(z) is a valid distribution, assuming p(z) has zero—mearﬂ for large values of ¢, and large enough o2(t)
pi(z) mv(o, (o2(t) — 02(0))) (4.2.21)

Hence, we can start with x; drawn from /\/(0, (c*(T) —02(0))), which is easy to do, and then run equation (4.2.10)

to obtain samples from data distribution. Since the variance of the forward SDE keeps increasing as time progress,
this class of methods is known as Variance Exploding diffusion process, this approach was first introduced in [15].
We provide a toy example below

Example 7. (Variance exploding) Using the same setting as in Example@ from (4.2.17) we have the density at
time t

pe(z) = (a./\/(,ul, o2) + (1 — a)/\/(ug,ag)) *N(O, (o2(t) — 02(0))) (4.2.22)
= a./\/'(ul, o? + o3 (t) — 02(0)) +(1- a)/\f(,ug, o5 4+ o3 (t) — 02(0)) (4.2.23)

Then the score is

e oN (a0t £ () — 02(0) + st (- )N (2,3 + 02 (1) - 0(0))

Vieep(z) = N, 7+ 02(0) = 02(0)) + (1 — )N (12, 03 + 2(2) — 2(0))

(4.2.24)

Using this score, we can run (4.2.10) starting from xp ~ /\/(O7 (UQ(T) —02(0))) to get back to the data distribution.
This is demonstrated in Figure and @ In this example, 0(0) = 0.001,0(T") = 10, total time steps is 5000.

n practice, this is achieved by shifting the data by the sample mean.
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Figure 4: Evolution of the density from Example [7] Figure 5: Samples generated by VE diffusion sampling,
. Starting from N(0, (62(t) — 02(0))), (4.2.10) is run to ~ which match the true Gaussian mixture with p; = —5,
obtain samples from the Gaussian mixture. o =05,01=092=2, =03

In Examples [6] and [7} it looks like using Langevin dynamics is much simpler. But in practice, for real dataset,
estimating V log p;(x) is more tractable, since this is score of noisy version of the data and hence its distribution is
supported everywhere. Furthermore, when o(t) changes slowly, Vlog p:(x) is small and can be easily approximated
by a neural network.

As the name may have suggested, we can also define SDEs that will preserve the variance during the forward
pass. This motivates the methods discussed in the next section.

4.2.2 Variance Preserving methods

At the same time as , the concurrent works of [3| introduced a diffusion-based generative modelling technique
utilizing VP methods. In the original paper, the authors formulate the task using Markov chain approach. Here,
we will reformulate it using the theory of SDEs introduced so far. Consider the SDE

dx, — —%U(t)xdt + Vo (DdB() (4.2.25)

Its discretization is

—_

X = Xgp_1 — ia(k — D)xp_1At + /o(t —1)Atn, n ~ N(0,1) (4.2.26)
=xp-1(1— 5a(k —1)At) ++/o(k —1)Atn (4.2.27)

Using the Taylor series of v/1 —2 =1 — £ + O(x?), for small At and 0 < ¢(t) < 1 we have

—_

Xy ~ X 1y/1 — ok — 1)At + /o (k — 1)Atn (4.2.28)
~ xp_1\/1— o(k)At + \/o(k)Atn, for small At (4.2.29)
=x,_ 11— y(k) + (E)n, (k) = o(k)At (4.2.30)

(4.2:30)) is the equation used in [3] as forward pass. Using Markov chain, the authors argued that the chain
defined by (4.2.30) has stationary distribution N(0,1). Here, we will prove that by Fokker-Planck equation, using
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1-dimensional case for simplification

% = %%0<t)pt($)$ + %%U(t)pt(a:) (4.2.31)
:% (t)é9 p()r + 5 ()88221%( ) =0, t— 00 (4.2.32)
:‘a% poo () + 8‘9 wlr)) =0 (4.2.33)
=Poo ()T + a%poo(ae) =0 (4.2.34)
=Poo (@) X eXp(—%xQ) (4.2.35)

Since pi(x) must be a valid distribution, thus p;(x) = % exp(—32?), concluding the short proof. Another way

is to show that (4.2.30) is Gaussian process (Example [11)), and if data distribution has identity covarianceﬂ then
p¢(x) also has identity variance (Example . For sampling, the reverse SDE is

dxr_y = (%J(T —t)x+o(T — )V 1ong,t(x))dt + /o (T — 4)dB(T — t) (4.2.36)

And the discretization is

XK—k = XK—k+1+ (%U(K —k+1)xg_pp1+o(K—k+1)V 10ng—k+1(XK—k+1)> At (4.2.37)
a(K—k+1) (4.2.38)

= XK kil (1 + 2U(K —k+ 1)At) +o(K —k+1)AtViogpr—k+1(XK—k+1) (4.2.39)
+/o(K —k+1)Afn (4.2.40)

XK pal (1 + %’y(K — k)) +v(K = k)Viogpk—k+1(Xk—k+1) + V7 (K — k)n (4.2.41)

RNOXK kil (1 + %’y(K - k)) + (K —k)Viogpk —k+1(Xx—k+1) (4.2.42)

+ %’VQ(K — k)Viog pr—ik+1(Xx—k+1) + V(I — k)n, for small At (4.2.43)

= (1+ %W’(K —k)) (XK*]C+1 + (K - k)VIngkaJrl(fokJrl)) + V(K —k)n (4.2.44)

~ 1—71(K—k) (XK—IH»I +v(K — k:)Vlong,kH(XK,;Hl)) + VYK - k)n (4.2.45)

where the last line was achieved by Taylor series of \/11_7 Equation (4.2.30) is used in [3] during the sampling

phase, assuming V log pi(xy) is already learned during the forward pass. Interestingly, the work in [3] does not
estimate V log px(x). Instead, it directly estimates the noise added during the forward pass, i.e. the noise term n
from ([#.2.30). For instance, draw n ~ N(0,1), let xj, = x4—1(1 — $0(k — 1)At) 4+ \/o(k — 1)Atn, and ne(x;) be
output of a neural network that minimizes

|In — ng(xx)]|3 (4.2.46)

then ng(xx) o sg(xx), where sg(x)) minimizes

IV log pt (x+) — se(x4)][3 (4.2.47)

To prove this relation, first, we note the following property (proof in Lemma

) (119108 pu(x0) = 50.0) 18] = Extompana B, 5, |1V 10g 21 (x1[0) = s0(x0)|[3] + const (4.2.48)

2Can be achieved by standardization methods.
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Next, note that pyo(x¢[xo) is Gaussian, this can be derived from the discretization in (4.2.30))

xp = Xp_1\/1 — y(k) + /~(k)n (4.2.49)
= (xk—2v/1 =7k = 1)+ /7(k = Dn) /1 = y(k) + /7(k)n (4.2.50)
=... (4.2.51)
k k i—1

=xo [[VI-k—i)+ > (fy(k - ] (1 =~k - j)))n (4.2.52)
i=0 i=0 =0
k k i—1

Xp ~ /\/<x0 [1vi—G—0). (7(k )T (=0 — j)))) (4.2.53)

i=0 i=0 =0

For the continuous-time equation (4.2.25)), Example |11]| shows that
Prjo(Xe[x0) = /\/(Xoe_ Joo@dr 11 — e~ o U(T)dT)) (4.2.54)

Thus, we have closed-form expression for V log p;jo(x¢|x0)

t
x; — xge~ Jo o(T)dr x; — mean(x;) €

Sl t _ _ 4255
gpt\O( t| 0) 1— e~ fu o(r)dr V&I’(Xt) VaI‘(Xt) ( )

where €, = X=mean) it i now apparent that € is exactly the same as the noise term n in (£.2.30). Plugging

\/var(xy)

(4.2.55)) into (4.2.48)), we have

€
B e B, 50 117108 21 (50 x0) = 50 (%0)[13] = Extompas B, o || - — o —so(x)I}]  (4.256)

var(x)

X Extompana B, 10 |60 + /var(xi)so (x0)| 3] (4.2.57)

Compare this to (£.2.46) and ([£.2.47), it is clear that ng(x;) = —/var(x;)sg(x), concluding the proof. (4.2.57),
usually referred to as denoising objective, is much easier to implement in practice compared to score-matching
objective introduced in Section since it does not involve estimating the true score function or calculating the
trace of the Jacobian. In [3], this objective was derived using the ELBO introduced in Section [3| here we showed
that it can be derived from SDE theory. We note that this equivalence only happens because py|o(x¢|xo) is Gaussian,
otherwise V log pyo(x¢|xo) would be intractable, thus the denoising objective would be invalid.

5 Appendix

5.1 ODE examples

Example 8. (Linear Time-varying) Following the analysis in Section 3(t) denote variance of pi(x). Then,
according to Section 5.5 of [§], 3(t) has the following form

ds(t)

— = —o()B(0) + o (1) (5.1.1)

Since o(t) is scalar-valued, by [5], the state transition matriz is

B(t,1y) = eho ~7IT (5.1.2)
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Hence, we have the solution

() = B(0)e i o 4 / e Mg (r)drT (5.1.3)
0
=3(0)e” Joomdr 4 o= ”(T)dT/ elo eMdng () dr1 (5.1.4)
0
¢
= 5(0)e~ Jo (T | o= Jg o(m)dr / d(efJ U(H)dn>1 (5.1.5)
0
= 3(0)e Jo o7 1= Jo o (M J5 o (m)dn t (5.1.6)
7=0
= 3(0)e~ Jo 7T 4 [e= Jo o) (efo‘ o(mydn _ 1) (5.1.7)
= 2(0)e~Jo 7T L T _ T~ Jo o(7)dr (5.1.8)
=TI+ e Joomar (2(0) - 1) (5.1.9)
5.2 Riemann’s sum, Ito’s integral, and related proofs
Riemann’s sum. Consider the following integral, where w(t) is white noise process
t
Fw(t)dt (5.2.1)
to
Its Riemann’s sum representation is
nh_)rréoz FE)wts) (b — th1) (5.2.2)

where t —tp_1 = %, and tx_1 < t* <tg. The Riemann’s integral exists if the limit converges with any choice of
ty s tg—1 <t < ti. This is clearly not the case, since w(t;) has different realizations with different ¢}, hence, the
Riemann’s integral does not exist.

However, if we fix t7, i.e. to be the starting point ¢; = t;, then the following limit is unique

HILH;OZJC ti)w(ty)(tea — ty) = lim Zf te)(B(te+1) — B(tk)) (5.2.3)

I1td’s integral. The previous choice of ¢ has an important implication, consider the following integral

[ o5 = 1 ILCOMBETE (5.2.4)
- lim 3 (Bt - B2(10)) (5.2.5)
= Jim 3 (= 580+ 03(n) — 5800+ 380 — 5P ) 629
= Jim 37~ S (B00) = 8l )” + 5 (87(0) — 51 )) (5:2.7)

Since B(tr) — B(tg—1) has variance At, the limits are evaluated as follow

nl;n;@Z( % ﬂ(tk_l))Q) = —%t (5.2.8)
Jim 3 (0 - P 0-)) = 5680 (529
k
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hence,

/ B(s)dB(s) = —ft + ﬁ“‘( t) (5.2.10)
or in differential form
d(%BQ(t)) — BH)dA(t) + %t (5.2.11)

Note the new term %t, which did not appear in normal chain rule, this is a direct consequence of fixing t} = ts.

Lemma 1. Let f(t) be some function that is square-integrable, i.e. fot f2(s)ds < 0o, and B(t) be a some Brownian
motion, then

t t
/ f(s)dBNN(O,/ f2(s)ds) (5.2.12)
Proof. Since Riemann’s sum of fo s)dp exists if we fix the midpoints, let t, = nt, then
t 2" —1
/O f(s)dp = lim kzzo Fte)(Buyy — Bre) (5.2.13)
and since increment of Brownian motion follows N (0, At), where At = 27"t thus
2n—1 2m—1
D FtR)Beyy — Br) ~ ( Z f2(te ”t) (5.2.14)
k=0
Now we can take the limit
on_1 2" -1
. 2 —_ny __ . 2
lim_ > ()2 t= lim > F(tk)At (5.2.15)
k=0 k=0
t
= / f2(s)ds (5.2.16)
0

this completes the proof.

5.3 SDE examples

Example 9. (Stock price) In this example we let P(t) denotes the stock price at time t, we will model the relative
price change % as the following LTI SDE:
dpP

- = pndt + odp (5.3.1)

where P = P(t) and § = B(t) is Brownian motion, u and o are constants, we have omitted the temporal argument

for the sake of ease to read.
Now we can apply Ité’s formula from (2.2.11)) to the function log P

1 L4 2
dlog P = dP . P2 Lap (5.3.2)
i 11 )
= pdt 4+ odf — f(,u dtdt + + po dtdﬁ +0? dBdp)* (5.3.4)
——
= o —dt
1
= (= 50%)dt +0dp (5.3.5)
1
=log P —log Py = (u — 5 Ot + ow(t) (5.3.6)
= P(t) = Pyelr—307)ttow(t) (5.3.7)

where w(t) is white noise, i.e. w(t) ~ N(0,1) if B(t) has identity diffusion matriz.
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Example 10. (Ornstein-Uhlenbeck process) The one-dimensional mean-reverting process, also known as the Ornstein-
Uhlenbeck process, is given as
dx = —pxdt + odp (5.3.8)

where 8 = B(t) is Brownian motion,  and o are constants, we again have omitted the temporal argument for the
sake of ease to read.
Here, instead of logx, we applied Ito’s formula to the function xett

dzet = etdx + pwettdt (5.3.9)
= eM(—pxdt + odB) + prettdt (5.3.10)
= geltdp (5.3.11)
t t
= zel* = / oel*df (5.3.12)
0
¢
= zet = zo + / oet*dp (5.3.13)
0
t
= 2(t) = zoe M + / oe Ht=9)4p (5.3.14)
0
By applying Lemmal[ll, we have:

t t
/ oce =943 NN(O,/ 026_2“(t_5)d3) (5.3.15)

0 0

2

~ i _ —2ut
/\/(07 3.1 -¢ )) (5.3.16)
thus,

o(t) = zpe M + Lw(t) (5.3.17)

V2p
where w(t) ~ N(0,1 — e=2Kt)
Note that the mean of x(t) will exponentially go to 0 as time progress, hence the name mean-reverting process.

Example 11. (Time-variant Ornstein-Uhlenbeck process) Consider the following SDE
dx = —p(t)zdt + n(t)ds (5.3.18)

where 8 = B(t) is Brownian motion, u(t) and n(t) are now time-varying function.

Here, instead of xett, we applied Ité’s formula to the function zelo n(r)dr
dzelo AT — ofo n(dT g0 4y (1) pedo 1T gt (5.3.19)
= eJo 1O (—py(t)zdt + 0 (t)dB) + p(t)zelt HDIdt (5.3.20)
= n(t)eh 1d7qp (5.3.21)
t
dre’® zn(t)e"’(t)dﬁ, y(t) :/ w(r)dr (5.3.22)
0
. t
= e (®) . :/ n(s)e?®dp (5.3.23)
0
t
= w0 ® = g 1 / n(s)e"9d3 (5.3.24)
0
t
= 2(t) = zge 7™ +/ n(s)e 7O+ gp (5.3.25)
0

By applying Lemma[1], we have:

t t
/ et t=5) 43 N(o, / 7,2(5)6*27(””%%5) (5.3.26)
0 0
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thus x(t) is still a Gaussian process. Now, suppose u(t) = 2o (t), and n(t) = \/o(t), then

t t
/ n?(s)e” 2O+ () gg — o~ Jo ”(T)dT/ o(s)elo 7 g (5.3.27)
0 0
t t s
—e b ”(T)dT/ d(eft; U(T)dT) (5.3.28)
0
_ = Jiomar Jg o(ryar| ) (5.3.29)
= e Joo(mar (efot o(r)dr _ 1) =1—¢ Joomadr (5.3.30)

Thus, given xo, pyo(x|ze) = N (zoe™ Joomdr 1 _e=Js o(r)dr)

Example 12. (Stationary distribution of SDE) This example considers the following linear time-variant SDE

1

dx = —ia(t)aﬁdt ++/o(t)dp(t) (5.3.31)

Using the initial condition p(x,0) = é(x — xg), from Example we have
Pejo(@i|z0) = N (woe™ Jo (47 1 — = Jo o(rdr) (5.3.32)

2
1 1 (z — zoky)
= ———exp| — = —F—— 5.3.33
(L — rp)? p( 2 1—ry ) ( )
ky = e~ Ja (DT (5.3.34)
Thus, by chain rule

2.8) = g uloo(@)) = [ puotalzo)poao)dzs (5.3.35)

. 1 1(x—5/£t)2
/\/WQXP(QW

From this, we can see that p(x,t) converges to N(0,1) exponentially fast. If we define %o as the following
convolution-like operation

)po(s)ds (5.3.36)

f(x) %4 g(x) = /f(s)g(gc — as)ds (5.3.37)
then

p(z,t) = po() *x, N(O, I nt) (5.3.38)

5.4 Score matching and diffusion models

Lemma 2.

By, (o110 pe(x1) = 5001 3] = Bxompan, Ex, x, [[IV 108 pe(x1[x0) = so(x0)|I3] + const— (5.4.1)
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Proof. We have

By, |1V 10g pi(x) = s0(x0)[13] = By, ||V 10g pi(x) |13 + |50 (x0) I3 — 250 (x0) "V log pi(x1) (5.4.2)

so(xt)" pi(x1)V log pi (x1)dx, (5.4.3)

t

Sg (Xt)Tth (x¢)dxy = /

t X

se(xt)T/ Po(x0) Vo (x¢[xo)dxodx; (Vis taken w.r.t x;) (5.4.5)

Ep. () [se(xt)TVIngt(Xt)} -

|
T

se(xt)T/ Vpe,o(xe, Xo)dxodx, (5.4.4)
t X0

t

= po(Xo)/ so(x¢)" pejo(x¢]%0) V 10g pyjo (x¢ |x0) dx¢dxo (5.4.6)
0 Xt
= Bt B, 5, [[180 (%) Vrjo (xalx0) 3] (5.4.7)
0~Pdata=X¢|Xo 0\ Xt Prjo\X¢|Xo0) |12 4.
Ep.() {I\Se(Xt)Ili} =/ 136 ()[4 (x¢)dx: (5.4.8)
— [ otxa) [ llsolo) ootz (5.4.9)
X0 Xt
= Exompun Ex, x, | 18000 3] (5.4.10)
Ep.() {HVIogpt(xt)II%} = const (5.4.11)

From (5.4.7), (5.4.10), and (5.4.11)), (5.4.1) is proved.
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