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Abstract—Insufficient data acquisition can lead to information
loss, which may result in inaccurate classifications when using the
database for supervised learning. On the other hand, expanding
data collection comes with its own set of challenges, such as
higher costs for data acquisition, storage, and extraction, as
well as the risk of gathering and processing irrelevant data
for specific purposes. To that end, we propose an information
theoretic framework to address the problem of data acquisition
and classification under resource constraints. An information-
theoretic perspective offers a valuable approach to balancing
specificity and generality in the active data acquisition problem.
Instead of merely optimizing data acquisition to improve the
accuracy of a particular learning algorithm, our goal is to collect
data with the most relevant information for a broad range
of potential tasks, under the resource constraints, and without
involving specific learning algorithm in the process. Specifically,
we use mutual information to quantify the relevance of the data
for these tasks since it is more robust than other measures, and
is not tied to any particular types of learning algorithms.
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I. INTRODUCTION

Modern data science discoveries depends on analyzing a
large amounts of data, the more the better. However, as data
acquisition methods can introduce biases, it’s essential to use
data acquisition techniques that mitigate biased conclusions
in subsequent analyses and experiments. Yet, expanding data
collection presents multiple challenges, including increased
data acquisition, storage, and extraction costs, along with the
potentially acquiring and processing irrelevant data for certain
purposes. For instance, while capturing videos at 120 frames
per second might be crucial for gaming experience, it proves
excessive and costly for tasks like person identification, where
10 frames per second suffices. In particular, to train a deep
neural network (DNN) using data consisting of 120 frames per
second videos might incur more computational, storage costs,
but produces a similar accuracy for a DNN using training
dataset consisting of only 10 fps videos. Another example
is object identification using electromagnetic wave. In this
setting, a radar emits a signal and examines the reflected signal
to identify an object. Some objects may only reflect waves at
certain a frequency and power range, as such it is imperative
to optimize the transmitted signals in certain frequency range
and power.
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These examples highlight the need to tailor the data ac-
quisition to suit the specific goals or tasks under resource
constraints. However, a goal-specific data acquisition approach
can yield an overly specialized dataset, potentially omit impor-
tant information necessary for similar tasks. Ideally, we want a
sufficiently rich dataset that contain information relevant to the
unspecified yet similar tasks. For example, a dataset containing
images of animals can be more beneficial than one limited to
just cats and dogs.

The goal-specific data acquisition approach can also be
examined through the lens of the discriminative and gen-
erative learning framework. Discriminative learning features
prominently in classifiers which learn a task-specific model,
in particularly the conditional distribution p(C|z), i.e., the
probability of an object C' present given the observation x. On
the other hand, the generative learning aims to learn the joint
distribution p(C, x). Generally, the dataset for discriminative
is smaller, and the models are easier to train compared to
generative models. On the other hand, the generative model,
trained on richer dataset, are more versatile at different tasks.
Therefore, the data acquisition for the discriminative and
generative models can be optimized to create a dataset that
balances between specificity and generality.

Information theoretic perspective provides a useful way
toward the balance between specificity and generality for the
active data acquisition problem. Rather than focusing solely
on optimizing data acquisition under resource constraints to
enhance the accuracy of a specific task, our aim is to gather
data containing the most relevant information for a wide range
of potential tasks, without involving the learning algorithms
in the process. Specifically, the mutual information is used to
represent the relevant information for the set of tasks. It is
much stronger than correlation and other measures, and is not
specific to any type of learning algorithms.

II. RELATED WORK

We first provide a brief review of the literature on on target
detection and object identification since it is an important
application of our proposed framework. The field of target
identification is well studied in many scientific and engineering
disciplines. For many years, target identification techniques



were model-based driven due to its mathematical elegance and
efficiency, but also due to the lack of data required for training.
The model-based approach incorporates prior knowledge about
a problem based on either physical laws or well-established
intuitions to determine a few model parameters for accurate
object identification. For this reason, model-based approach
is highly efficient in many settings e.g., radar systems [1],
[2] that can be accurately captured through a few parameters.
On the other hand, with the abundance of available data,
object identification in computer vision [3], [4] and radar-
based target recognition [5] have transitioned from model-
based approaches to supervised learning, where algorithms are
trained directly from datasets. In contrast, our work does not
provide a specific target detection algorithm. Rather, our work
is focused on getting the optimal information to be used in
subsequent classification algorithm. Our work is also related
to active learning [6], [7], where the objective is to select
specific samples for labeling to maximize the performance of a
learning algorithm, particularly when data collection is costly.
However, unlike most of active learning, our approach does
not optimize for a particular learning algorithm but instead
focuses on maximizing mutual information which is similar to
that of [8]. Additionally, Shayovitz et al. recently introduced a
universal active learning framework that minimizes conditional
information [9]. While this approach is similar to our method
of maximizing mutual information, our focus differs in specific
goals.

III. PROBLEM DESCRIPTION
A. Motivated Scenario

Object Identification: In this setup, an object detector,
e.g., radar emits a signal x € R™ towards an object ¢ €
C ={co,c1,-..,¢k—1}, where C is a set denoting k possible
objects. Depending on specific object ¢, a distinct signature
signal y € R" is reflected back to the detector. The detector’s
objective is to identify the object ¢ based on the received
signature y.

In classical detection systems, the identification algorithm
relies on physical modeling of various objects and their
reflected properties to predict the target based on its signature.
In contrast, with supervised learning techniques such as Deep
Neural Networks (DNNs), a classifier: f(y) : R* — C
is learnt using the training samples consisting of a large
number of feature-label pairs, i.e., (y, ¢). Using this approach,
a large number of samples (y,c) must be collected first
before the training can take place. In a typical systems, x
is chosen using some prior knowledge about the targets and
the environment. As a result, y, a function of x and c is
also fixed. In many systems, there are associated significant
costs with choosing z, e.g., larger 7= incurs larger transmit
power during the data acquisition process. There are also costs
associated with storing y, e.g., high dimensional y can lead to
larger storage, potentially resulting in longer training time and
energy to obtain a classifier. Furthermore, the performance of
the classifier depends on the chosen z, and can be degraded
if x is not properly chosen.

To that end, we propose to an information theoretic formu-
lation which takes into account the costs associated with = and
y. Specifically, we show how to select x so that the received
signal y contains the most relevant information about an
object ¢, and all the cost constraints are satisfied. Furthermore,
the resulted dataset is not tuned for any particular classifier.
Rather, the proposed framework produce a database that can
be used for any subsequent classifier, i.e., the training database
is decoupled from the classifiers.

B. Information Theoretic Formulation

The key to decouple the database from the classifier is to use
the mutual information, rather than minimizing the loss func-
tion of a classifier. Let X be the random variable representing
the sensing signal or action x, with distribution p(x). Let C
be the target random variable. C' corresponds to the types of
objects. Let Y be the random variable corresponding to the
received signal with distribution p(y). Y models the reflected
signals. For clarity, assume that X, Y, C are discrete random
variables.

To account for uncertainty in signal y, the conditional
distribution p(y|z,c) models the measured signal y when a
signal x is applied to target c. Suppose n measurements are
made by transmitting repeatedly the signals xq,xs,...,2,
and yield yi,¥2,...,y, as the received signals. Let 2™ =
(1,22, Zn)s Y™ = (y1,Y2,---,Yn), and let p(z™) and
p(y™) be their marginal distributions. The goal is to choose
the distribution p(z™) that maximizes the mutual information
I(X™, Y™ C), where

I(X™,Y";C) 2 I(X1, Xy oo, X, Y1, Yoy o Y ©). (1)

Let p(z™,y™) be the joint distributions of X™ and Y, then
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Maximizing I(X"™,Y™;C) assume that both sensing signal
X™ and the corresponding received signal Y are used to
get information about the target C, i.e., both X™ and Y™ are
available in the training data.

On the other hand, when X" are not available, one wants to
maximize the mutual information between the received signals
Y™ and the target C. Formally, p(z™) is chosen to maximize
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This scenario is applicable to the data acquisition process
where only Y™ are stored in the database, and only Y™ is
used for training a classifier.

Also note that p(y|x,c) can be viewed as a commu-
nication channel matrix. This channel is memoryless (i.e.,
p(ilzs, 3. 25,0)) = plyilaisc).j # i), then maximizing
I(X™ Y™ C) and I(Y™;C) over p(z™) is equivalent to
maximizing I(X,Y;C) and I(Y;C) over p(z). To that end,
we propose two following optimization problems for the object
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identification problem:

Problem P1:
max I(X,Y;C)
p(x)
st. gi(p(x)) <0,i=1,...,N )
px) >0, pla) <1, Y p(x) =1.
Problem P2:
max I(Y;C)
p(w)
st. gi(px)) <0,i=1,...,N (5)
p(x) >0, p(z) <1, Zp

In both P1 and P2, ¢;(p(z)) are the given constraints mod-
eling the costs associated the acquisition while the constraints
on p(x) enforce the validity of a distribution. Assume that
gi(p(z)) are convex functions with respect to p(x), which
is typical in real-world scenarios. For example, consider a
scenario where the average transmit power must not exceed
a certain threshold, expressed as g(p(z)) = E[X?] < C. In
such cases, the problem exhibits a special structure that can
be exploited to speed up the algorithm for finding the optimal
solution, as will be discussed shortly.

IV. SOLUTION APPROACH
A. Solution Characterization

Theorem 1. Let X, Y, C be random variables denoting
the sensing signal, the received signal, and the object. For
a given p(c), p(ylz,c) as memoryless channel, X 1 C,
and g;(p(x)) are linear, then P1 is a linear programming
problem. Furthermore, p*(x) must be one of the extreme points
(vertices) from by intersections among the constraints. When
there is no constraint g;(p(x)), p*(x) must lie on one of the
vertices of the probability simplex, i.e., the optimal solution is
to send X = x* for some constant x*.

Proof. For clarity, assume X,Y, and C' are discrete random
variables.

p(z,y,c)

p(z, y)p(c)

B e n(e) log PUIE OPE)P(C)
= > plylz, p(x)p(c)lo p(c)p(x)p(y|z)

I(X,Y;C0) =Y plx,y,c)log

T,Y,C

(6)

xT,Yy,C
= Z ylx, c)p(x)p(c) log ZM @)
ot p(ylx)

Since p(y|z) = Y. p(y|z, ¢)p(c) which is a constant. Thus,
Eq. (7) is a linear with p(z). Thus, maximizing I(X,Y’;C)
with respect to p(x) is a linear programming problem subject
to the constraints on a valid distribution and linear g;(p(x)).

From the well-known linear programming result [10], if
I(X,Y;C) is not a constant function then p*(z) must be
at an extreme point formed by the intersections between the
probability simplex and the linear constraints.

Similar proof can be carried out for continuous random
variables X. Furthermore, without any constraint g;(p(x)),
p*(z) = §(x — x*) for some x*.

O

We now turn our attention to determine p*(z) that max-
imizes I(Y; C). In this scenario, X is not available during
training to obtain a classifier. We have the following theorem
for this case.

Theorem 2. Let X, Y, C be random variables denoting the
sensing signal/action, the received signal, and the target. For
a given p(c), p(y|z,c) as memoryless channel, X 1 C, and
9i(p(x)) are convex functions, then P2 is a convex maximiza-
tion problem. Furthermore, p*(x) must be one of the extreme
points (vertices) from by intersections of the given convex
constraints. When there is no constraint g;(p(x)), p*(x) must
lie on one of the vertices of the probability simplex, i.e., the
optimal solution is to send X = x* for some constant r*.

Proof. As before, assume that X,Y,C are discrete random
variables. From a well-known result in information theory[11],
for a fixed p(c), I(C;Y) is a convex function with respect to
p(y|c) where p(y|c) is considered as a channel matrix, C' as
input and Y as output. Since p(y|c) = >, p(y|c,z)p(x) =
T(p(z)), where T is a linear map specified by the given
p(y|z,c). For any convex function f(z) in z, let z = T(w)
where T is any affine map, then f(7'(w)) is also convex in w
[12]. A quick proof is as follows: If f(z) is a convex function,
then if and only if for any 2y, there exists an affine map
g(z) such that g(z9) = f(z0) and g(z) < f(z) for all z.
Applying an affine map 7', z = T'(w) in the inequality, and
note that g(7'(w)) remains an affine map since the composite
of two affine maps g o 7" is a new affine map for which
the inequality hold for all w. Therefore f(w) is also convex
in w. Consequently, since g¢;(p(x)) are convex functions,
then finding the optimal p*(z) that maximizes I(Y;C) is
a convex maximization problem. The proof for continuous

random variables can be carried out in the same manner.
From the well-known optimization result [13], the solution
to the convex maximization problem must be one of the
extreme points formed by the intersections of the constraints.
O

B. Illustrative Examples

Example IV.1. (Additive Channel)

Let X ~ Bern(p) represent the active signal X. Let C ~
Bern(q) represent the two possible objects: C =0 and C =
1. Let

Zy ~ Bern(qop)
Zy ~ Bern(q1).

If a signal X is transmitted, then the received signal is

. X+ 27
X+

if object 0 is present
if object 1 is present
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Figure 1. I(Y’; C) of additive channel; @ = 0.2 and b = 0.8.

The goal is to determine p*(x) that maximizes I(X,Y;C)
subject to a < E[X?] < b,, for some constants a < b.

Assuming C' is independent with X, then

I(C;X,Y)=H(Y,X)-H(X,Y|C)
=H(Y[X)-H(Y|X,C=0)(1-q)
—H(Y|X,C =1)q
=HYI|X)-H(Zo)(1—-q)—H(Z1)q
=H{Y|X =0)(1-p)+H(Y|X =1)p
—H(Zo)(1 - q)—H(Z1)q

HY|X=1)=H(|X =0)=H(g — qq0 + qq1)
I(C; X, Y)=H(Y|X=0)(1-p)+HY|X =1)p
— H(Zo)q— H(Z1)(1 - q)
= H(qo + 990 — qq1) — H(qo)(1 — q) — H(q1)g,

where H(r) 2 —rlogr — (1 — r)log (1 —r) denotes the
entropy of a binary random variable. This is a special case
where the mutual information I(C; X,Y") is constant regard-
less of p(z). Hence, any distribution p(x) would yield the same
mutual information. On the other hand, to satisfy the constraint
a < E[X?] < b, we can choose any p*(z) = (1 — p, p) where
a < p<b. Also,

I(C;Y) = H(q)
1—g—qo0+qoq

—(1-=p)(1—qo+ - x H

(L =p)(1 = g0+ qoq — q19) (1_q0+q0q_qlq)

— (P4 qo —2pgo)(1 — q) + (p+ @1 — 2pq1)q)

(p+ g0 — 2pgo)(1 — q)
* H((p+qo —2pgo)(1—q)+ P+ q — 2ptI1)q)

— p(qo — qoq + q1q) ¥ H(%)-
q0 — qoq + q1q

Fig. 1 shows I(Y;C) with varying p, where ¢o = 0.4,¢1 =
0.9,q =0.6,a = 0.2,b = 0.8. The optimal solution occurs at
p* = 0.2 which corresponds to maximum I(Y; C) = 0.1556.
Note that p*(z) = (0.8,0.2) is an extreme point which
confirms Theorem 2.

Example IV.2. (Multiplicative Channel)
Consider the same example 1V.1, but using

v [ X%
X7

The goal is to determine p*(x) that maximizes I(X,Y;C)
subject to E[X?] < 0.5.

if object 0 is present
if object 1 is present.
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Figure 2. I(Y : C) of multiplicative channel; a = 0.2 and b = 0.8.

I(C; X,Y)=H(Y,X) - HX,Y|C)
= H(X)+ H(Y|X)— H(X|C)— HY|X,C)
=H(Y|X) - HY|X,C =0)(1-q)
—H(Y|X,C =1)q
=H(Y|X) - H(XZo|X)(1 - q) — H(XZ1|X)q
= H(Y|X) - H(Zo)p(1 — q) — H(Z1)pg
=HY|X=0)(1-p)+HY|X=1)p

—p(H(Z0)(1 - ) + H(Z1)q)
= (H(q)+ H(Z0)(1 = 9) + H(Z1)q)p
—p(H(Z)(1 — q) + H(Z1)g) = pH (q).

Since H(q) is fixed, the optimal p*(z) = (1 —p,p) = (0, 1),
which leads to max I(C; X,Y) = H(q). This makes sense
since sending X = 0 yields Y = 0 for both objects, resulting
in no differentiation between the two objects. Thus, any effort
of sending X = 0 will be wasted. Also, based on Theorem 1,
without any constraint on g;(p(z)), the structure of the optimal
distribution must have the form p*(x) = §(xz — «*) for some
optimal z* which agrees with the optimal solution p*(z) =
(0,1). Also, it can be shown that

I(C;Y) = H(p(qo — qq0 + qq1)) — H(pgo)(1 — q) — H(pq1)q

Fig. 2 shows I(Y;C) with varying p, where ¢qo = 0.1,q1 =
0.9,q = 0.5,a = 0.2,b = 0.8. The optimal solution occurs at
p*(z) = (0.2,0.8) which is also an extreme point.

V. SIMULATION RESULTS

In this section, we provide a detailed analysis of a scenario
involving the identification of two objects co, c1. When the signal
X € R? interacts with object co, the reflected signal Yy € R?
undergoes a linear fading with additive noise. In contrast, when X
interacts with object ¢1, the reflected signal Y1 € R? undergoes a
different linear fading with multiplicative noise. Specifically, we have
the following model:

with probability ¢

y_ JAX+X 0%
- with probability 1 — q.

BX + 73
where Zy, Z1 € R? are continuous noises with probability density
functions fo(z0) and fi(z1), respectively. A and B are fading

matrices, ® denotes the element-wise product, ¢ is the probability
that object co is present. Let

B K2 R £ Y I T _
r= |:£E’2:| = [?ﬂ} 0= {zo2] 1= [arzne]

A- |0 az] p_ bi1 bi2
a1 a2z’ bar  boo|’



Figure 3. Mutual information I(C; X,Y’) varies with z1 and z2.

We now demonstrate the maximization of I(X,Y;C) on some
bounded region, e.g. 1 < X < 2. Since

I(C; X,Y) = H(C) — H(C|X,Y)

and H(C) is constant for a fixed ¢, maximizing I(C; X,Y) is the
same as minimizing H(C|X,Y).

Let
* * * *
2 Y1 — a111 — A12T9 Y2 — A21T1 — A22T2
01 = - s = *
Ty Lo
* * * *
211 = y1 — biiry — b1awa, 212 = y1 — barx] — baoxs,

then it can be shown that

min H(C|X,Y) =

f(=)
oo oo afo(20) 1
— 1 —dy1d
A IR O e ey A

for some optimal z* = (z7,z35). The simulation results use the
following setup: ¢ = 0.5, Zp and Z; are multivariate Gaussians with
zero means and covariance matri Yo = 0-1 005 Y =
ero means and covariance matrices Yo = |y o= 5q [» 21 =
0.1 0 0.4 0.2
[0 01 A=8=1]o3 o1

Fig.3 shows the plot of I(C; X,Y) as a function of z1 and z2,
rather than f(z). This is because the optimal distribution has the
form f(z) = §(x — ™) in this case. Given that the feasible region
is 1 = X =< 2, the optimal point is * = (2,2), corresponding to
I(X,Y;C) = 0.556. This is intuitive, as larger values of X lead to
greater variance in Y due to the multiplicative noise from cg, which
aids in distinguishing between the two objects.

To further illustrate this intuition, Fig. 4 and Fig. 5 display sample
plots of (y1,ys2) for the optimal case * = (2,2) and the suboptimal
case x = (1, 1). Circles represent y samples corresponding to object
co, while diamonds represent samples from object c;. Visually, the
differences in shapes between the distributions of diamonds and
circles is more pronounced in Fig. 4 compared to Fig. 5. This greater
distinction suggests that it would be easier to learn a classifier from
the data in Fig. 4 than from Fig. 5.

VI. CONCLUSION

We present an information-theoretic framework to tackle the
challenges of data acquisition and classification under resource con-
straints. This approach provides a balanced solution to the active data
acquisition problem by addressing both specificity and generality.
Rather than optimizing data collection solely to enhance the accuracy
of a specific learning algorithm, our objective is to gather data with
the most relevant information for a wide range of potential tasks, all
within the constraints of available resources, and without relying on

Figure 4.

Figure 5. Samples (y1,y2) resulted from using the suboptimal optimal

any particular algorithm. We leverage mutual information to measure
data relevance, as it is more robust than other metrics and not tied
to specific learning algorithms. We also provided simulation results
to demonstrate the effectiveness of our approach.
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