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Introduction

Methods

Recently, deep learning based methods have been introduced with great successes
in denoising performance [1][2][3]14]. These methods usually use image-to-image
translation architecture, where the neural networks directly predict the clean im-
ages, or the amount of noise generated by the stochastic process, without much
assumption on the noise dynamics. Thus, many of these models can be applied
to reverse different kinds of corruptions, including multiplicative noise. However,
these techniques mostly rely on "per-pixel” metrics such as MSE, PSNR, or SSIM,
which has been observed to not correlate well with human perception [5].

In this work, we propose the novel application of Stochastic Differential Equa-
tions (SDEs) to perform multiplicative noise removal. \We show that the dynamics
of multiplicative noise is well captured by SDEs, specifically Geometric Brownian
motion. We then derive the reverse SDEs which are used to generate denoised
samples. By running extensive experiments on two different datasets, we demon-
strate the effectiveness of our method on creating clean images that achieve high
perception scores.

Experiments

We ran our experiments on CelebA and UC Merced Land Use datasets, using U-
Net as the backbone architecture for our neural networks. The training was done
on 100,000 images from the CelebA dataset, while testing was performed on 2,096
images from CelebA holdout set and another 2,096 images from UC Merced Land
Use, images were resized to 224x224 pixels. We did not finetune on the land use
dataset since we wanted to test the generalization of directly modeling the noise
dynamics. We made comparisons with a wide range of methods, from classical
techniques to modern neural denoisers. A sample is provided in Figure 1.

Dataset CelebA
Noise level Model FID | LPIPS | PSNR 1 SSIM 1
Ours (ODE) | 24.3077 0.0774 28.5567 0.8994
DeblurGAN | 38.3176 0.0902 24.3920 0.8360
0.12 Restormer | 29.64/5 0.0848 31.5912 0.94/3
VIPRNet 31.5731 0.0906 31.4240 0.9447
NAFNet 27.0304 0.0805 31.5588 0.9466
DNCNN 33.2/22 0.1113 30.5007/ 0.9281
SRAD /70.4303 0.3853 24.3354 0./311
CBM3D 36.2575 0.2128 26.1749 0.8481

Table 1. Comparison of different methods on CelebA dataset at noise level 0.12

Given a real-valued signal x € R? with the assumption that corruption € € R¢
affects each component independently. Denoting x as the corrupted version

X=X®E€E (1)
Then (1) can be well modeled by the following SDE
dx = a(t)x(t) © dB(t) (2)

where a(t) is some time-varying scalar function and B(t) is a Brownian motion
on R?. Indeed, the solution to (2) is given as

Ty; = X(,; €XP ( — /Ot %QQ(T)CZT + (/Ot aQ(T)dT) %n) (3)

where x;; denotes the i-th entry of x(¢), and n ~ AN(0,1). Since n is Gaus-
sian, the exponential term in (3) follows Log-normal distribution, satisfying our
previous assumption on e. If we select x(0) to be the clean image x, then with
appropriate value of ¢, z(t) = x is well modeled by (2).

Let us denote y;; = log z;,. Now, equation (3) becomes

t 1 t
Yii = Yo, — / §(X2(T)d7' = / (X(T)dﬁ(T) (4)
0 0
which can also be expressed in differential vector form to obtain the SDE
1
dy; = —§a2(t)1dt + a(t)dB(t) (5)

This has the corresponding time-reversal
1
dyr—t = (5042(T —t)1+a’(T =)V bng—t(YT—t))dt +a(T —1)dB(T — 1) (6)

where T is the terminal time, i.e. at which the forward SDE (5) stopped. Applying

Fuler-Maruyama discretization to (5) and (6), where a(t) is selected to be dfl—it)

with o(t) is some differentiable function having non-negative slope, gives the
following pair of SDEs
i =y~ 5 (oK) — o ()1 + /o Th) — o0)m 7)

YKk = YKkl + %(J(K —k+1) = o(K — k) (1+2VIogpr sa(yx 1))
+ oK —k+1)— (K — k)ng, n; ~ N(0,1) (8)

From (/) and (8), let s be a neural network that learns Vlog pr r1(yY i —xr1), it
can be shown that the desired training objective is

Lo ticeie = By By [l + /o (k) — 0 (0)sa(y, k)| 3] 9

After training, sampling can be carried out by (7), ODE sampler [6], or DDIM
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Figure 1. Different denoising models on randomly selected CelebA and LandUse images, at noise
level 0.12.

Conclusion

In conclusion, we introduced a novel SDE-based diffusion model for removing mul-
tiplicative noise. The work presented the construction of the forward and reverse
SDEs that directly captures the dynamics of the noise model. In addition, it also
established the training objective as well as multiple different sampling equations
based on Probability flows and DDIM techniques. The proposed model was com-
pared to classical image processing algorithms, including BM3D and SRAD, as well
as the modern CNN-based methods, demonstrating that our method outperforms
the current state-of-the-art denoising models in perception-based metrics across
all noise levels, while still remaining competitive in PSNR and SSIM.
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